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models with free complex world sheet fermions. For two N=l SU{2) x 17(1) models, the 
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threshold corrections lead to a small increase in the unification scale. Examples are given to 
illustrate how a given particle spectrum can be described by models with different boundary 
conditions on the internal fermions. We also discuss how complex twisted fermions can 
enhance the symmetry group of an N=4 SU(3) x £7(1) x £7(1) model to the gauge group 
SU(3) x SU(2) x £7(1). It is then shown how a mixing angle analogous to the Weinberg 
angle depends on the boundary conditions of the internal fermions. 
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1. Introduction 



The unification of gauge coupling constants is a necessary consequence of string theory. 

At tree level, the gauge couplings have simple relations to the string coupling constant. In 
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higher orders of perturbation theory, this relation holds only at the Planck mass. Below this 
energy, the gauge couplings evolve as determined by the renormalization group equations. 
Threshold effects [1] can also modify the tree level relation and shift the unification scale. 
Although the effect of thresholds is small in grand unified field theories, the threshold 
corrections can be quite large in string theories [2-7] because there is an infinite tower of 
massive states, all of which contribute. 

In this paper, we calculate threshold corrections in four-dimensional critical super- 
string models written in terms of free fermions with twisted boundary conditions. Complex 
fermions are useful for studying theories with chiral space-time fermions and for probing 
the structure of gauge symmetries. Here, we adapt the background field method [5,8] for 
calculating string thresholds to twisted models in the framework of type II theories. Al- 
though a phenomenologically realistic type II model has not yet been found, it provides a 
more economical construction for using the techniques of low energy string phenomenology. 
Calculations of thresholds in heterotic models[5-13] can be made large enough to lower the 
unification scale to an acceptable energy. This is achieved by fine tuning the many free 
moduli parameters of the theory. A desirable feature of type II strings is that there is less 
freedom to adjust the parameters of the theory. 

In sect. 2, we give a general discussion of the background field method for running 

couplings in twisted models, emphasizing models with higher level Kac-Moody currents. In 

sect. 3, we calculate the threshold corrections for two twisted chiral models with SU{2) x 

U(l) 5 gauge symmetry. These two models have the same massless particle spectrum but 
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different boundary conditions on the internal fermions. This shows how different boundary 
conditions on the internal fermions affect the thresholds. In sect. 4, we investigate the 
relationship between the boundary conditions on the internal fermions and the ratio of the 
field theory couplings at the Plank mass [14]. Specifically, it will be shown how the twisted 
boundary conditions can enhance the symmetry group of an N=4 SU(3) x U(l) x U(l) 
model to SU(3) x SU(2) x U(l). We then determine a mixing angle analogous to the 
Weinberg angle of the standard model. 

2. Background field calculation 

The tree level relation between gauge couplings is [15]: 

4tt „ 47T . . 

— = 2x a — (2.1) 

9 a 9str 

where x a is the level of Kac- Moody Algebra = N for SU(N). The factor of 2 is present 
because we choose a field theory normalization for the longest roots equal to 1. This 
relation is determined by comparing the scattering amplitudes (e.g. three-point gauge 
boson vertex) for the low energy string theory (massless modes) to field theory. The tree 
amplitudes are identical if one makes this identification, which holds at the Planck mass. 
We now want to calculate how this relation changes when higher order corrections and 
threshold effects are considered. This involves using the background field method [5,8,17] 
to find the threshold corrections. Since we are interested in models with chiral space-time 
fermions, we consider models with complex twisted fermions. 



The background field method involves describing the effective action of the quantum 
gauge field as an effective action of a string propagating in a classical background gauge 
field: 



T[A°] = T[X^ = 0,^ = 0,A°] . (2.2) 

The effective action will now include contributions from the massive modes of the string. 

vpA 1 = o means that there are no external string states. In addition, since the gauge 
fields are classical, they do not circulate in loops. In other words, the classical gauge fields 
only exist as external states. Polchinski[16] derived a formula for the one- loop correction 
to (2.1): 



r[X» = 0, = 0, A a ] = [ d 4 x(--^F"F a ^) + [ — Z + ... (2.3) 

where Z is the partition function (one loop with no external states) of the string in the 
presence of a background gauge field, r = r± + ir 2 are the coordinates on the torus. The 
first term in (2.3) is simply the classical action of the gauge field and —4^2 is the tree 
approximation for the gauge coupling. The second term, which is the one-loop correction 
to the tree level result, can be shown to be equivalent to a one-loop two point string 
amplitude where the string vertex operator for the emission of a gauge boson is modified 
by making the substitution e ^ e ifc -^( 2 ^) _ > ^ = —lp^x u provided that satisfies 
the classical equations of motion. The first order correction to the field theory coupling 
constants is then given by the the coefficient of the — ^F^term in the one-loop two point 



background gauge field amplitude. We now outline this method for models containing 
twisted fermions. 

Type II 4-dimensional string models can contain chiral space-time fermions [18-21] if 
some of the internal coordinates take values on a shifted lattice y/2a'p G Z + v. These 
complex twisted fermions satisfy the following boundary conditions: 

^(e 2lTl z) = -e 2 ™*l>{z) ; ^(e 27Tt z) = -e~ 2 ™^{z) (2.4) 

where v is real. The space-time fermions are real, either Neveu-Schwarz or Ramond. They 
are given by: 

rez+± nez 

for Neveu-Schwarz and Ramond respectively. Twisted models differ from untwisted models 
in that internal fermions can be defined by the following for any value of A 

rEZ+X rEZ-X 

where A = \ — v and /J = /_ r . v = 1/2 is the Ramond case and v = the Neveu-Schwarz 
case. 

We consider 4-dimensional type II models in the light-cone description. Here, the left 

and right movers can each be described by two bosonic and twenty fermionic fields. The 
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partition function without the zero modes p is given by 



fc-i 



1 



1=0 1 a,(3 



/ 1 a, (3 
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(0|g) 



(2.7) 
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where the prime on the Hamiltonian denotes the omission of the bosonic zero modes. 
In this formalism, the partition function is a sum over the sectors generated by p a = 
{pa'i pa) G O. Each sector a contains n + n' real fermions and m + m' complex fermions. 
p a is a (n + n' + m + m!) dimensional vector which describes the boundary conditions of 
the fermions for each sector: 



p a = 2(^i, ...i/ n ; v u ...v m \ v u ...v n ,\ v u ...v m >) . 



(2.8) 



c(et,f3) = 8 a e(a,P) are phases for the (e~" r ) p < 9 ' F projections. F is a vector whose compo- 
nents are the operators Fj = J2 r ez+x • frf-r '■ f° r complex fermions and J2^Li/2^-sH or 
XI i° d J _ n d J n for real NS or R fermions respectively. 



j=i j'=i j=i j=i 

rfc-l 



R 



(2.9) 



In addition, the factor riz=o ( k= the number of generators) is the number of sectors 
where the order, Af a is defined by cr^" = = ((l) n ; (l) m ; (l) n '; (l) m ') and a is a vector 
whose components are given by 



a = (e 2 ™, e 2 ™, e 2 ™, e 2 ™, ...) 
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(2.10) 



The generalized Jacobi theta functions are given by 



^| T ) _ ^ e ™T(n+p/2) 2 e -i2ir(n+p/2)(,s+Li/2) e iTV Pt i/2 



(y\f} = e~ i7TT< " n+P ^ 2 ^ e i27r ( n +P/ 2 )(^+M/2) e -i7rp M /2 (2.11) 



with g = e 27rrr , g = e _27 " T ,T = t\ + ZT2, and f = T\ — ir^- Note that this differs from that 
given in [18] because the left movers are now functions of q rather that q. 

The one-loop two point amplitude contribution to the effective lagrangian for A a ^ 
background is : 

C '( A :) = Ujf l J2 C{a > (3) I ^4 Tr ^V a (lA)AV a (lA)(e-n^ F ] (2-12) 

where the sum over sectors corresponds to a generalized GSO projection[18]. The closed 
string propagator is 

1 f dzdz T i f i . 
A=— / —— z L o-^z L °s. 2.13 

4W N <i M 2 

The Hamiltonian Lq and associated Virasoro generators are given by: 

rEZ+X 

Recall that the background field method involves making the substitution e^e lk ' x ^ z ' z > — > 
A^{x) in the vertex operator for a gauge boson provided that A fl (x) satisfies the equation of 
motion d^F^ = 0. The vertex operator for a gauge boson, b^i e-b^i |0 >, is constructed in 

2 2 
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part from the Kac- Moody currents of (2.15) and (2.16). In models with complex fermions, 
such as the two chiral models that are discussed in sect. 3, the affine algebra is constructed 
for a particular gauge group. For a model with complex fermions and an SU(2) x U(l) 5 
gauge symmetry, the currents are given by: 



J a (z) = J2 J>~ Z = -^fa bc ^ b (z)r(z) (2.15) 

where f a (, c are the structure constants of SU{2) and 3 < a, 6, c < 5. 
The U(l) currents are: 

J a (z) =: f(z)f(z) : + Vj (2.16) 

for 6 < a < 10, 1 < j < 5, and no sum on j. The zero modes of these currents generate 

the gauge symmetry. The vertex operator for an SU (2) gauge boson is: 
V a (k, e, z, z) = [\k ■ ^ L (z)^ La (z) - y abc ip Lb (z)ip Lc (z)} 



(2.17) 

Here, all the fermionic oscillators are real. On the other hand, the vertex operators for the 



e • [izdX R (z) - \^ R {z)k ■ ^ R {z)]e lk - Xi ~ z ^ 



U(l) gauge bosons are constructed from the corresponding Kac-Moody currents 

V a (k, e, z, z) =\\k ■ *jj L (z)*jj La (z)+ : ^ Lj {z)^ Lj {z) :] 



e • [izdX K (z) - \i) R {z)k ■ ^ R {z)]e ik - Xi ~ z ~^ 



(2.18) 

where Vj in the current from (2.16) is zero. The vertex operator also contains the bosonic 
fields given by 

X»(z, z) = x» + ^(\nz + \nz)+ l -J2 \<z~ n + 1 ^ ^z~ n 

n/O 71 n/0 n (2.19) 



It is only necessary to evaluate one component of a non-abelian subgroup at a time. For 
example, for SU(2), one would look at only one of the three gauge bosons . Due to gauge 
invariance, it doesn't matter which one is selected. For a constant F^ v corresponding to a 
given component of subgroup a, the resulting background field vertex is 

V a [F^](z,z) = {F^{j a {z)[2X»{z,z)zdX^{z) -^{z)^{z)\ 

(2.20) 

-i[^(z)i; La (z)}[zdX^z)}} 
where the gauge currents are given in (2.15) and (2.16). Using operator methods one can 

rewrite (2.12) as: 

i r a±„ r r 



Q<Irav<Irar (2.21) 

x Tr a [V a (z, z)V a (l, 1)^0-1/2^0-1/2^-^^ 
where z=e 2niJ/ , q = e 2niT , and the integration is restricted to the fundamental region T. 
Performing the trace: 

Tr a [V a (z, z)V a (l, i)qLo-i/2ql -i/2( e -i*yt,-F] = 

- ±F^F^Tr a [q^-V 2 ^ - 1 / 2 (e-*"y'>- F ] 

x {(J a (z)J a (l))[(2X^(z, z)zdX R "(z)2XP(l,l)dX Ra (l)) + (^(z)^(z)ip p (l)ip a (l))} 

- {^(z)ij L ^z)ilj L %l)ij L %l)}{zdX Ru (z)dX R(7 (l)}} 

(2.22) 

where the two point correlation function on a torus is defined by: 

_ Tr a [A(z,z)B(w,w)q L Q- 1 / 2 q L "- 1 / 2 (e-^ )^ F ] 

(A(Z, z)B(w,w)) = ; : .„ F -~r : 2.23 

x v ' ' v ' ;/ Tr a [q L °- 1 / 2 q L °- 1 / 2 (e- l7T )Pv F } 

The last term is a total derivative and drops out after using the generalized Gauss's theo- 
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rem. After performing the p integration we have 

^=i^Uw,j:^l^I^™^ . (2 . 24) 

x 2[(9(mi))l,0 - (X«(J)sajf«(l))i^]Tr t> [ 9 i i- 1 /2 (? i;-i/2( e -»)<.»-F ] 
The fermionic current gives rise to a gauge independent (apart from ki) part and a gauge 
dependent part: 



(j a (z)j a (i)) a , = -k a (z^- z ) 2 io g e 1 (z, q ) + (JSJS) 



(2.25) 



Since k a is one, the first part will shift all the groups by the same amount and can thus be 
absorbed into a redefinition of the string coupling constant. Using the explicit expressions 
for the currents, their correlation functions are found to be: 



n 



(ok) 



(2.26) 



for the SU(2) currents(no sum on a) and 



(J%JZ) a ,p = 2q\oge 



Pi 
Pi 



(Ok) 



(2.27) 



for the U(l) currents(l < j < 5). 

In the SU(3) x U(l) x U(l) model presented in sect. 4, the currents are given by: 



r{ z ) = J a ( z )+q a (z) 



J a (z) = --f abc b b (z)b c (z) ; q^z) = i\t i :f(z)f(z): 



(2.28) 



J ll (z) = —[:f(z)f(z):+3u 2 ] ; J 12 (z) = [: f\z)f\z) : +^} 
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where 3 < a, 6, c < 10, 2 < z, j < 4, and the strucure constants of SU(3) are normalized so 
C^j = 2. 

The correlation function of the SU(3) current is(no sum on a): 



Pa 



(O|g) + A«A«*2glog0 



Pi 



(2.29) 



Performing the v integration on the gauge dependent part, we have: 

l ot,@ 



n d i 
x 2q — log 

aq 







P\ 



(?) $ 



Pi 



(?) 



Tr a [q L "-^q L ^-^{e- llT Y^ F } 



J 



(2.30) 



Now using the expression for the partition function for twisted fermions (2.4), we see that 
the one-loop two point background gauge field contribution to the effective lagrangian is 



(2.31) 



where Y' is the gauge independent part and 



1 



B a (q,q) = -l[ Wi J2c(a,P) 

l ct,p 



ft 



Pa 



V2 n/ 

(«) i n ( ^ 

J =3 



Pa 



V2 m 

(?) ) n * 



Pa 



(?1 



(flf)II^ 

J = l 



Pa 
4 



^(?) J («> 
(?) 



(2.32) 



The first order correction to the field theory coupling is given by the coefficient of 



-jF^ in the one-loop two point background gauge field amplitude (2.31). In this analysis, 
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we use the type II string normalization of = 2. To compare this result with field 
theory, which uses a normalization of C$ = 1, we must multiply this result by a factor 
' ft/^ ' str = x a/2- Here, \1/ 2 is the length squared of the longest root in the subgroup and 
x a is the level of the Kac-Moody algebra. Then, following ref.[5], we get an equation for 



the DR couplings 

-4t = — - V- lo S + ^ • (2-33) 

The gauge independent part has been absorbed into a redefinition of the string coupling 
by 

1 4tt Y , nni . 

(2.34) 



«GUT 9str 4yr 

where F = f T ^r-Y' and ct a = g^/^n. The massive string contributions are given by the 
thresholds A a : 

A a = / — [x S a (?,g)-6o]. (2-35) 

JT r 2 

The 6 a are the field theory f3 functions given by [22] 

b a = -yTr v (Q?) + ^Tr F (Qf) + ^Tr s (Qf) (2.36) 

Here, the traces are over two-component fermions and real scalars(in field theory normal- 
ization). The massless contribution from the string is given by 

b a = lim x a B a (q,q) (2.37) 

and should equal the field theory result. This provides a consistency check for the string 

calculation. One can facilitate the numerical integration by making a change of variables: 
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T2 = Irrir = l/r' 2 . Since B a (— r±, T2) = B(r\, T2)*, the imaginary part drops out leaving: 

/"• 5 f° dr' 
A a = -2Re dn -^[x a B a (r U T^-b a ]. (2.38) 

JO Jl/y/l=^ T 2 

3. Threshold calculation for two N=l SU{2) x U(lf chiral models 

We now calculate the threshold corrections for two twisted models with SU (2) x U (l) 5 
symmetry. In both cases, the thresholds increase the unification scale by a very small 
amount. 

Example 1 

A model with SU{2) x U(l) 5 gauge symmetry [23,19] can be described by three generators 
fro, &i) b 2 : = Mi = 2 : A/2 =4: K=2. The sixteen sectors of the model can be determined 
from the vectors describing the generators: 

p 6o = ((l) 12 ;(l) 4 ;(l) 12 ;(l) 4 ) 

p 6l =((0) 12 ;(0) 4 ;(l) 4 (0) 8 ;(0) 2 (l) 2 ) (3.1) 

PH = ((0) 10 (1) 2 ; (1/2) 4 ; (0) 2 (1) 2 (0) 4 (1) 4 ; (1/2) 4 ) 
Figure 1 illustrates the boundary conditions for the sectors of the model. The massless 
states satisfy the following criteria: 

(1): For the states to survive the projections, we must have: 



e- in P"i- F a = e(a,bi)*a 
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(3.2) 



(2): The left and right movers must each have a mass eigenvalue of 0: 

a'm L 2 \S>=(L% -1/2)|S>=0 ; a'm R 2 \S >= (L* - 1/2)\S >= (3.3) 

The massless states come from the sectors: &i, 6 2 ,mm 6i6 2 , b\, bib 2 ,, b%, bib\- For g = 
SU{2) x U(l) 5 , they are: 

1) from the untwisted sector, 

spin (±2, ±§) in (1;0,0,0,0,0) of g 

(±1, ±|) in adjoint of (7 

(i,0) in (1; ±1,0, 0,0, 0)0 2(1; 0, 1, 0,0,0 ) of g 

(-|,0) in (1; ±1, 0, 0, 0, 0) ® 2(1; 0, -1, 0, 0, ) of g 

(±|,2(0)) in (1; 0,0, 0,0,0) of </ 

2) from the singly twisted sector, 

(i,0) in2(l;±i, -f,i,i,i )offf 

3) from the anti-twisted sector, 

(-1,0) in 2(1; ±j |,-i-i-i ) of g 

4) from the doubly twisted sector, 

(|, 0) in (1;0, |,— i)©(l;0, i,i,|,i) 

r) of £ 



©(1)0, 2 , 2 , 


2' 2) ® 


2(1; 0,|. 


111 

' 2' 2' 2 


in Cl- 1 1 1 ^ 


i)©(i;0, 


1 1 

2' 2' 


1 M 

2' 2/ 


©(I; 0, 2 , 2 ' 2 ' 2 - 


)©2(1;0, 


111 

2' 2' 2' 
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Example 2 

Example 2 describes an N=l SU(2) x U(l) 5 model. The generators are : 

p bo = ((i) 10 ;(i) 2 (i) 2 (i) 6 ;(i) 4 (i) 4 ;(i) 4 (i) 4 ) 

p bl = ((0) 10 ; (0) 2 (0) 2 (0) 6 ; (1) 2 (1) 2 (0) 4 (0) 4 ; (0) 4 (0) 4 ) (3.4) 

p b2 = ((0) 10 ;(3/4) 2 (l/2) 2 (l/4) 6 ;(0) 2 (l) 2 (0) 4 (l) 4 ;(l/2) 4 (l/2) 4 ) 
Figure 2 represents the boundary conditions on the fermions in each sector. The massless 
spectrum is : 

Sectors bi, (p: 

spin (±2, ±f ) in (1;0,0,0,0,0) of g 

(±1, i 1 ;) in adjoint of g 

(±|,2(0)) in (1;0,0,0,0,0) of g 

(0,|) in 2(1;1,0,0,0,0) 

(0,-1/2) in 2(1;-1,0,0,0,0) 
Sectors 62, 6261, b\, b 7 2 b\ 

spin (0, |) in 2(1; — |, — f , f, §, f ) ® 2(1; |, f — |, §, § ) 

(0,-^) in 2(1;|,|,-|,-|,-|)®2(1;-|,-|, |,-|,-| ) 
Sectors 62, fr^i, ^ 

spin (0, |) in 2(1;— |, — |, — |, — |, — |) ©2(1 : j,— |, f , f , — | ) 

(0, — |) in 2(1; |, |, |, |, |) © 2(1; -±, |, -|, — |, | ) 
Sectors 6|, 
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spin (2(0), ±i) in (1; 0, ±, -±, -§) © (1; 0, -I, §, §, §) 

(0,1) in 2(1; 0, -1, 1,-1,-1 ) 

(0,-1) in 2(1;0,1, -1,1,1 ) 
Sectors 6|, 6|, 6|6i 

spin (0, 1) in (1; -1, f , 1, 1, 1) © 2(1; 1, f , 1, 1, 1) 

ffi n--i -i -2 i ii 

^V- 1 -' 2' 4 ' 4 ' 4 ] 4 / 
(0,—^) i n (l>~2>i>4">4">4")®^(^'2>4"' ~i>4">4" ) 

mn--i -i 1 ii 
"^"■"j 2 ' 4 ' 4 ' 4 ' 4 / 

(0)2") m (^-'2'~f'~4'~4'~4)®^(^'~2'4' f'~4'~4 ) 

ffifl I I 3 _1 _1\ 
^l- 1 -? 2' 4' 4' 4' 4 / 

en -ii in h-i -5 _i _i _l^ffi9d--l _3 _i _i _n 

l u ) 2/ V ' 2' 4' 4' 4' 4/ TO V ' 2' 4' 4' 4' A> 

rnn-i i 3 _i _in 

^ V - 1 - 5 2 ' 4 ' 4' 4' 4 / 

Equivalence of the two SU{2) x £7(1) 5 models 

The quantum numbers of each state are described by a six component vector in an 

SU(2) x U(l) 5 space. The equivalence of the massless spectra is most easily shown by 

determining the length and relative orientation of the vectors in their respective spaces. 

Since all the states are SU(2) singlets, we only need to look at the U(l) quantum numbers. 

Comparing the two U(l) 5 spaces, one finds that every non-zero vector has a magnitude of 

one. There are also an equal number of pairs of vectors having the same angular separation 

in both spaces. Thus we see that they are related by a rotation of the coordinates which 
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describe the quantum numbers of the massless states. To be more specific, the rotations 
that take the first model into the second model are described by a 5x5 transformation 
matrix. If Si is a state in the first model : 



Si 



(Ui^ 



(3.5) 



a state in the second model S2 is given by: 



S 2 = MSi 



(3.6) 



where M is the transformation matrix given by: 



M = 



( 
-1 

1 

1 

V 1 



2 








-1 
-1 
-1 

1 





-1 
1 

-1 

-1 



°\ 

-1 
-1 
1 

-1/ 



(3.7) 



To compare the massive spectra, we calculate the partition function for both models. 
Although the partition function can be shown to be identically zero for both models, one 
can look at the number of massive states at each level for bosons and fermions separately. 
For supersymmetric theories, these contributions cancel. When we expand the partition 
function we obtain for the bosons of both models: 



Z = 104 + 24$* q 2 + 256q _|_ 1536^4^4 + ... 



(3.8) 



Both models have the same massless spectrum and appear to have the same number of 

massive states. This suggests that they are equivalent. 

17 



Thresholds 

For example 1, the levels of the gauge groups are given by x a = (2;2;2,2,2,2). Using 
these values, we find that the zero-mode contribution of the string (2.37) agrees with the 
field theory (2.36). These /^-functions are given by b a = (-6;6;9,9,9,9) for the five gauge 
groups. The presence of b a ensures that the integral in (2.38) converges. A mathematica 
computer program was developed to calculate the expression (2.38) and to perform the 
numerical integrations. Each sector was evaluated independently to check for consistency 
with field theory. As a result we find that the thresholds for example 1 are A a = (-1.25; 
0.074, 0.41, 0.41, 0.41, 0.41). 

We would now like to know how the massive modes of the string will change the 
unification scale. For this particular chiral model, it appears that there is a small increase 
in the unification scale. If we include the massive string contributions, the equations 
describing the running of the field theory coupling constants are given by: 



1 1 3 . ll . 1.25 

+ -log(-£-)- 



a 2 (n) aa tt M st An 

(3.9) 



1 

OLG 


3 i i A 4 ^ 

7T M s t 


+ - 


074 

47T 


1 

OLG 


9 fi 
log( 

2tt m M st 


) + 


.41 

4"7T 



Solving the first two equations in (3.9), one finds the scale at which the SU(2) and first 
U(l) meet; 

"(Ai„-A 2 )- 



^=EXP 

M st 



2(6i„ - b 2 ) 
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1.0567 (3.10) 



Similarly for 577(2) and the other four U(l)'s, we get = 1.0568. The two independent 
U{l)'s meet at = 1.057. 

For example 2, which has the same particle content as example 1, we get slightly 
different results. The /^-functions are b a = (-6,27/4,9,35/4,35/4,35/4), and the thresh- 
olds are A a = (-1.25; 0.015, 0.408, 0.319, 0.319, 0.319). Comparing the results for the two 
models, we note that the £77(2) /9-functions and thresholds are the same, but the £7(1) 
/3-functions and thresholds are different. This is not a surprising result. One would expect 
different values for the £7(1) /3-functions and thresholds because the charges are different. 
Here again, we see that the threshold corrections lead to a small increase in the unification 
scale, which is defined as the energy at which the couplings intersect. Table 1 shows the 
energy (M u /M str ) at which the couplings intersect. 

£77(2) lstU(l) 2ndU(l) 3rd, 4th, 5th U(l) 

£77(2) - 1.051 1.057 1.055 

1st U(l) 1.051 1.091 1.078 

2ndU(l) 1.057 1.091 1.19 

Table 1- Change in unification (M u /M s t r ) 

Although both models have the same particle content, they have different boundary 

conditions on the internal fermions. For example, the second model contains v values like 

1/8 etc.. They also have different f3 functions and different threshold corrections. This 

shows that it is possible to obtain two N=l supersymmetric models with the same massless 

spectrum but different boundary conditions on the internal fermions. This feature allows 

one to modify the coupling without changing the particle spectrum. 
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4. Enhancement of gauge symmetry and mixing angle 

In the standard model, the Weinberg angle arises from a rotation of the third com- 
ponent of SU(2) with the U(l) generator. An analogous scenario can be found with the 
group 577(3) x £7(1) x U(l). In this case one rotates the two U(l) charges. In the model 
discussed here, we also get an enhancement of the 577(3) x U(l) x £7(1) gauge symmetry 
to 577(3) x 577(2) x U(l). This arises from the twisted fermions in the theory. Where we 
would normally find ten gauge bosons in an 577(3) x (7(1) x £7(1) theory, we find twelve; 
two additional spin(±l) particles coming from the twisted sectors. A rotation of the £7(1) 
generators will give these states quantum numbers similar to the W bosons of the standard 
model. 

First, we give the Kac-Moody algebra for 5£7(3) x £7(1) x £7(1) [24]. 



J a (z) = J a (z)+q a (z) 



% 



J a (z) = --f abc b b (z)b c (z) ; qi(z) = i\? j :f(z)f(z): (4.1) 

J 11 (z) = ^=[:f(z)f(z):+3u 2 } ; J 12 (z) = [: f\z)~f\z) : +^] 

where the structure constants of SU(3) are normalized as f a bcfabe = ^ceC^p, 

3 < a, 6, c < 10, and 2 < i,j < 4. is an antihermitian representation of SU(3): 

A?/ = -A£ ; [X a ,X b ] = f abc X c ; Tr A c A e = -5 ce — |— (4.2) 

where 

r fi , r (q) . _ 4 
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These equations fix the normalization of the U(l) charges. 

We now present a N=4 SU(3) xU(l) x U(l) model. The number of sectors depends 
on the actual values for ui and u 2 . We first consider a model with undetermined values 
of v and derive the values that give a unitary theory and enhance the symmetry. The 
generators are described by three 16-dimensional vectors given in (4.3) and illustrated in 
Fig. 3. 

p 6o = ((l) 12 ;(l) 2 (l) 6 ;(l) 8 ;(l) 12 ) 

p 6l =((0) 12 ;(0) 2 (0) 6 ;(l) 8 ;(0) 12 ) (4.3) 

p 62 = ((0) 12 ;(2z, 1 ) 2 (2z, 2 ) 6 ;(0) 8 (0) 12 ) 
Any superstsring theory must be unitary. It has been shown [18] that the necessary 

requirements for unitarity and modular invariance are: 

NiPbi ■ Pbi=0 mod 8 

for Mi even: (4.4) 
and 

NijPbi ■ Pb 3 = mod 4 

where Mij is the least common multiple of Mi and Mj . 

The additional gauge bosons come from massless states where twisted fermions act 

on the vacuum. Since we want particles that are counterparts to the W± bosons of the 

standard model, the massless states that will transform to these gauge bosons should be 
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singlets of SU(S). This is accomplished by requiring that the massless states be excited 

states of the projection v\. The mass equation for the left movers now becomes: 
olm\ | S >= (L% -1/2) | S >= 

^ 11 ( 4 -5) 

= ( r : f. r f r : +-2^ + -6u 2 2 )\0 > 

rEZ+X 

In order for these states to survive the projections, (3.2) must also be satisfied. If we let 
i/2 = ^ then the conditions above, (4.4), (4.5), and (3.2) give: 

v x = 1 ± y/l - 3z/ 2 2 (4.6) 

and the diophantine equation: 

n 2 - 3/ 2 = m 2 (4.7) 

where n, m, 1 G Z . Thus we find that many different boundary conditions are allowed for 
this particular set of generators. Now we will show that these boundary conditions give 
rise to different mixing angles. This is illustrated with a model with definite boundary 
conditions that satisfy (4.7). I choose v\ = and vi = ^. This model has 56 sectors and 
the massless particle spectrum is: 
Sector &i, <j> 

{±2, 4(±3/2), 6(±1), 4(±l/2), 2(0)} in singlet 
{±l,4(±l/2),6(0} in adjoint 

Sector 62, 62^1: 

{±1, 4(±l/2), 6(0)} in (1, -1-9/14, -13/14) 

Sector bf^bfbi. 
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{±1, 4(±l/2), 6(0)} in (1, -^9/14, 13/14) 

The last two states are the extra spin(±l) particles. We now perform a rotation of the 
generators to change the quantum numbers of these states. We define linear orthogonal 
transformations of U(l) x £7(1) as: 

U(l)' y = cos9U(l) y + sm9U(l) w 

T 3 = U(l)' w = - sin 9 U(l) y + cos9 U(l) w (4.8) 

and recall that in the standard model, the isospin and hypercharge are related to the 
electric charge as Q = T 3 + ^. In order to relate the generators defined above in (4.8) 
to the generators of the standard model, we invert the expressions in (4.8) and compare 
them with Q = T 3 + \ and Q' = T 3 cot 9 — y tan 6*, where Q is the generator associated 
with A M and Q'is the generator associated with Z^. Both sets of equations have the same 
form if we let Q = -17(1),,/ sin 0, and Y/2 = -cot6U(l) y . 

We determine sin 9, cos 9 in (4.8) by requiring that the quantum numbers of the 
massless states with spin (±1) have similar quantum numbers to the gauge bosons of the 
standard model. In Table 2, it is shown how the states of this model should transform so 
as to have quantum numbers like the Z,W±, and photon of the standard model. 



23 



state SU(3) x U(l) y x U(l) w SU{3) x £/(!)' x U(l)' w 



/_||0 > L ®e-6_i|0 > fl (1 : : -g) (1;0;-1) 

/_a |0 > L ®e • 6_i |0 > fl (1; g) (1;0; 1) 

61M0 >l <8)€ • 6_i|0 > fl (1;0;0) (1;0,0) 

2 2 

6l 2 1 |0> L (8)e-6_i|0>fl (1;0;0) (1;0;0) 

2 2 



Table 2- Quantum numbers of gauge bosons 

For a general model with boundary conditions v\ and z/2, there are also states like 
that shown in Table 2. For the general case, the quantum numbers can be written in 
terms of the boundary conditions v\ and z/ 2 - For a state like the first state in table 2, the 
U(l) quantum numbers are U(l) y = \/3i>2 , and U(l) w = — 1 + v\. It is now possible to 
determine the rotation required by solving (4.8) for a state with these quantum numbers. 

V3v 2 cos 9 + (-1 + z/i) sin/9 = 

-v / 3^2sin^+(-l + z/i)cos^ = -1 (4.9) 
Solving this for cos6> and sin6>, one obtains: 

cos6> = —(—1 + fi) 

sm6 = V3v 2 (4.10) 

sin 9 is analogous to the Weinberg angle. 

In the N=4 supersymmetric model presented above, the symmetry group of the stan- 
dard model arises by an enhancement of the gauge symmetry SU(3) x U(l) x U(l). This 

24 



enhancement was brought about by the complex twisted fermions of the model. One can 
obtain gauge bosons in adjoint representations by making a rotation of the gauge genera- 
tors as in (4.8). This gives rise to a mixing angle analogous to the Weinberg angle of the 
standard model. It has been shown that this mixing angle depends on the boundary con- 
ditions of the internal fermions as in (4.10). Once this has been determined for a realistic 
string model, the (3 -function and threshold corrections would allow one to calculate the 
couplings at measurable energies. Without further restrictions, one could choose different 
boundary conditions to give an acceptable mixing angle. 

5. Conclusion 

This paper is concerned with the calculation of threshold corrections in twisted string 
models and how they might change the unification point. For the two N=l SU(2) x U(l) 5 
models presented, the threshold corrections lead to a very small increase in the unification 
scale. In the examples chosen here, all moduli are fixed to be at the point where the gauge 
symmetry is enlarged. So, unlike heterotic models, there are no free parameters which can 
be adjusted to give large thresholds. 

As a further step in making a connection with low energy phenomenology, we showed 

how the complex twisted fermions can enhance the symmetry of an N=4 SU(S) x U(l) x 

U(l) model to the gauge group SU(3) x SU(2) x U(l). The boundary conditions on the 

twisted fermions of this model give massless spin ±1 particles that are singlets of SU (3) 

and a model that is unitary and modular invariant. We find, for this particular model 

at least, that there are many possible boundary conditions that would have the same 
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particle spectrum. When these massless spin±l particles are required to have quantum 
numbers like the gauge bosons of the standard model, a mixing angle analogous to the 
Weinberg angle can be identified. An expression can then be derived for the dependence 
of this mixing angle on the internal boundary conditions of the model. Once more realistic 
string models are developed, the methods used here should allow one to compare the string 
theory with measurable quantities. Using the j3- function and string thresholds, one could 
determine the gauge couplings at low energies. If there are no additional constraints on 
the boundary conditions of the internal fermions, one would have the freedom to choose a 
model that best describes the low energy physics. 

I would like to thank my advisor Louise Dolan, and J.T. Liu for helpful discussions. 
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FIG. 1. Boundary conditions 
for the world sheet fermions of 
the N = 1 SU(2) x U(l) 5 
model of example 1. 



The boundary conditions of the internal fermions are given by the following four shadings: 
R(v= 1/4), NS(v = 0), 

(v = 1/4), (v = -1/4), 
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FIG. 2. Boundary conditions 
for the world sheet fermions of 
the N = 1 SU(2) x U(l) 5 
model for example 2. This 
model has the same particle 
spectrum as the model of ex- 
ample one, but it has different 
boundary conditions. 
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The boundary conditions of the internal fermions are given by the following shadings: 
R(v = 1/2), NS(v = 0), 
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FIG. 2 (Continued). 
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The boundary conditions of the internal fermions are given by the following four shadings: 
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FIG. 3. Boundary conditions 
for the world sheet fermions 
of the generator sectors of the 
N = 4 SU(3) x U(l) x U(l) 
model of example 3. A rota- 
tion of the gauge generators en- 
hances the symmetry group. 



